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You can obtain up to 10 points per exercise (plus bonus points, where applicable).

Exercise 1. Let X be a CW-complex.

1. Consider the equivalence relation on the set X of 0-cells generated by = ~ y whenever x,y are joined
by a 1-cell, i.e. whenever there exists a 1-cell e with z,y € €. Show that the map

Xo/~ — mo(X)
is well-defined and bijective.

2. Show that every path component of X is open in X. Conclude that X is the topological disjoint union
(= coproduct) of its path components.

Exercise 2. Let X be a CW-complex with skeleta X C X, and let ¢ € Xj.

1. Show that the map 71 (X%, o) — 7m1(X, o) induced by the inclusion is surjective for k > 1 and bijective
for k > 2.

2. Give an example of a CW-complex X with a chosen basepoint xg € Xy such that m(Xy,20) —
m1(X, zg) is not an isomorphism.

3. Determine the minimum number of cells in any CW-structure on the torus S* x S

Exercise 3. Describe a CW-structure on the real projective plane RP? which contains a subcomplex homeo-
morphic to the Mobius strip

M = ([07 1] x [0, 1])/(0,t)w(1,1—t)'

Does there also exist a CW-structure on RP? which contains a subcomplex homeomorphic to the open Mébius

strip

M = ([0,1] (071))/(0,t)~(171—t)?

Exercise 4. Let A be a topological space.
1. Let o, 8: OD™ = A be two homotopic maps. Show that the spaces
A Uq,8Dn D" and A Ug,apn D"

are homotopy equivalent.

* 2. (& bonus points) Give an example of topological spaces A, X, a subspace Y C X, and homotopic maps
a,B:Y = A such that
A Ua,v X and A Ugy X

are not homotopy equivalent.

Please hand in your solutions by October 28, 10am via eCampus.



