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Exercise 1:
Let k be a field and n,m > 1.

i) Show that there is a morphism f : APt x AL 5 Anmtmtntl that is on R-valued points
k k
given by
(ao - an), (bos -y bm) — (aibj) i=o,...n

7=0,....m

for an k-algebra R and describe the induced morphism of k-algebras on the global sections
of the structure sheaves.

(ii) Given an integer [ write X; C AL for the open subscheme X; = AL\{0}. Show that f induces
a morphism X, 11 X Xit+1 = Xonmtntmt1-

(iii) For an integer ! let p; : X;41 — IP’%C denote the canonical projection. Show that there is a
unique morphism f : P} x Pj* — IP’Z’""'"'H" such that the following diagram commutes:

7
Xn+1 X Xerl —_— Xnm+n+m+1

PnXPmi lpnm+n+m

n m nm+n-+m
P} x PJ* ——— PV

(iv) Show that f is a closed immersion called the Segre embedding.

(v) Describe the image of the Segre embedding P}, x P} < P3.

Exercise 2:

For an R-scheme X write X¢ for the extension of scalars from R to C and ox : X¢ — X¢ for the
automorphism of X¢ induced by the complex conjugation on C.

(i) Let X and Y be R-schemes. Show that a morphism f : X¢ — Y of C-schemes is the extension
of scalars of a morphism of R-schemes fy : X — Y if and only if f o ox = oy o f in which
case fp is uniquely determined.

(ii) Let X be an R-scheme such that X¢ = Al. Show that X = A}.

(iii) Let X belan R-scheme such that X¢ = PL. Show that either X =V, (T¢ + 17 + T3) C P%
or X = Pp.



Exercise 3:

(i) Let X = Spec A be an integral k-scheme of finite type and let 0 # f € A. Show that the
closed subscheme Spec A/(f) of X has dimension dim X — 1.
(Hint: Krull’s principal ideal theorem)

(ii) Let Y = Speck[Ty,T»]/(T1T>,TE) C Speck[T1,T5] = AZ. Show that Y is irreducible and
dimY =1 =dimAj — 1 but there is no f € k[T}, T3] such that Y = V(f).

(iii) Let X be a k-scheme of finite type and x € X. Show that dim {2} equals the trancendence
degree of k(x) over k.

Exercise 4:

Let S be a base scheme and let p : G — S be an S-scheme such that the functor G : Schg’™ — (Sets)
factors through the forgetful functor (Groups) — (Sets). Show that G is a group scheme over S
i.e. there exist morphisms m : G xgG — G and i : G — G as well as a section e : S — G to p such
that the following diagrams are commutative:

Associativity:
GxgGxsG—" L GxgG
mxidg l lm
G xsG p G
Existence of neutral element:
(eop,idg)

G———GxsG

(id¢ ,eop) l \\ \Lm

GxsG G
Existence of inverse elements:
G—"9 L GxsG
(idg,i)l «<r \Lm
G xs G G
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