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Motivation 1: Parameter identification

» Model equations:

—div(cVu) + - Vutau=f inQcRY
(%) c%—f—qu:g,v onlycrl
u=gp onFD:F\FN

» Problem: estimate parameters (e.g., 8 or a) in (x) from given
(perturbed) measurements wuy for the solution u on (parts of) I

» Mathematical formulation: (co-dim.) optimization problem
min/a lu—ugl?ds +k|p||> st (p,u) solves () and p € Paq
r

» Numerical strategy: combine optimization methods with fast (local)
rate of convergence and POD model reduction for the PDEs

s.t. — subject to
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Motivation 2: Optimal control of time-dependent problems

» Model problem:

1
min§/| (T) —yr)Pdx + = / /|u|2dxdt

—Ay+f(y) =
s.t. ylr =u
y(0) =yo

> Adjoint system:
—Ap+f(y)'p=0, plr=0, p(T)=yr—y(T)

» Optimizer: second-order algorithms like SQP or Newton methods

» Challenge: large-scale < fast/real-time optimizer
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Motivation 3: Closed-loop control for time-dependent PDEs

» Open-loop control:

input u(t) —

y(t)=f(t,y(t),u(t))
¥(0)=yo €R*

(after spatial discretization)

» Closed-loop control: determine F with

u(t) = F(t,y(t))

» Linear case: LQR and LQG design

— output y(t)

(feedback law)

» Nonlinear case: Hamilton-Jacobi-Bellman equation

ve(t, ¥o) + H(vy(t, ), ¥0) =0 in (0, T) x R¢

> Strategy: ¢-dim. spatial approximation by POD model reduction
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Outline of the talk

» POD in Hilbert spaces
> Parameter estimation in elliptic systems
» POD for optimality systems (OS-POD)

» Conclusions
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POD in Hilbert spaces

POD in Hilbert spaces

» Topology: Hilbert space X with inner product (-, -)
» Snapshots: y1,...,y, € X
> Snapshot ensemble: V =span {yi1,...,y,} C X, d=dimV <n
» POD basis of any rank £ € {1,...,d}: with weights a; > 0
n 4 2
mind ol = 3 ]| st W) =4
j=1 i=1

» Constrained optimization:

. 1 ifi=y

m'nJ(%, S ,W) s.t. <¢i7¢j> = 5U = { 0 otherV\{ise
s.t. — subject to
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POD in Hilbert spaces

Optimality conditions and computation of POD basis

» EVP for linear, symmetric R" in X:

n
Ru; = Z o (Ui, Yy = Aid;
j=1
and set ¢; = u;

» EVP for linear, symmetric "= (({y;, yi))) in R™
’C"V,' = )\,'V,'

n
and set ¢; = % 2 @ (vi); y; (methods of snapshots)
IJ-:1

» Error for the POD basis of rank ¢:

j=1 i= i=0+1
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POD in Hilbert spaces

Properties of the POD basis
» Uncorrelated POD coefficients:

Zaj .yja y1;¢k>_5lk)\

» Optimality of the POD basis:

Y4 n ¢
SNl = 303 ety x|

i=1 j=1 i=1 j=1

where {x;}_, orthonormal in X
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POD in Hilbert spaces

POD for A-w systems [Miiller/V.]

» PDEs: s=u?+v? A(s) =1—5, w(s) = —8s

(3)-( )()- ()

» Homogeneous boundary conditions:

Ju Ov
u=v=0 or — ==
on  On
» Initial condltlons Uo Xl,X2 =x — 0.5, vQ X1,X2 0 5 )/2
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POD in Hilbert spaces

POD basis for A-w systems

> Offsets: T(x) =2

J
» Snapshots: j(x) = u(tj, x) — 0(x) for 1 <j <n
» POD eigenvalue problem: X = L?(Q)

u(ti,x)ora=0
1

n
Kvi=MAvi, 1 <i<{, with ; = / 0j(x)0i(x) dx
Ja

» POD basis computation: 9; = \/—1)\_ > aj(vi);ly

Decay of the first eigenvalues Decay of the first eigenvalues.
o o
10° = 10 —
10° Sl el 10° Tl R
ol [—B=1 AN ol [Pt .
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POD in Hilbert spaces

ROM for A\-w systems

» POD Galerkin ansatz:

wi(t,x) = B(x) + gel@(r)w,-(x), (£ )

I
<I
—~
X
~
_|_
-.
I~
.
—~
~
~
S
—~
X
~

» Reduced-order model (ROM):
insert ansatz into PDEs
multiply by POD basis functions v; respectively ¢;
integrate over Q

» Numerical results:

relative error of u for B=1.5

e (8) = u(t)|22 AR

—
[EGIE

1=10

10° 1=50

o 10 20 30 a0 50
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POD in Hilbert spaces

Relative POD errors for A-w systems

n
> Offsets: um(x) =23 u(tj,x) or 1=0
j=1

» Relative POD errors:

| | 2=0 | a=un || [ 8=0 | a=un |
7= 10 ]| 0.005890 | 0.005045 || ¢ = 40 || 0.577442 | 0.460188
7= 15 || 0.000350 | 0.000335 || £ = 45 || 0.898613 | 0.297619
7 =50 || 0.000009 | 0.000009 || ¢ =50 || 0.071035 | 0.001774

n
2
; o [|ue()—u(t)l 2o

Erel(u) =

i for 8 = 1.5 (left) and 3 = 2 (right)
> g llu(t) 2,
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POD in Hilbert spaces

Continuous POD in Hilbert spaces [Henri/Yvon, Kunisch/V., ...]

v

Snapshots: y(p) € X forall p e Z
Snapshot ensemble: V ={y(p)|p €I} C X, d=dimV <o
POD basis of rank ¢ < d:

min/IHy(M)—iO/(H)vwﬂwi

v

v

2
dM s.t. <1ﬁ,‘,wj> = 5’1

v

EVP for linear, symmetric R in X:

Ry = /I (W5 y (1)) (1) da = AP

v

Error for the POD basis of rank ¢:

/ Hy(u)—é@(u),w}’"%ibf’" Fau= 3 ¥

i=0+1
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POD in Hilbert spaces

Relationship between 'discrete’ and continuous POD

» Operators R" and R:
R = aj (. y(u)y () for 1 € X = [2(Q)

R = / Woy(W)y()de  for € X = 12(Q)

> Operator convergence of R"” —R: y smooth and appropriate «;'s

» Perturbation theory [Kato]: (A, 1) —= (A2, 1) for 1 < i < ¢

» Choice of the weights a;7: ensure convergence R" TR
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Parameter estimation

Parameter estimation [Kahlbacher/V.]

> Model equations: B(x) = ( 3 )

x2
“2Au+f-Vutau=1 in Q = (0,1) x (0,1)
2 % + % u=-—1 onl
> Snapshots: (FE) solutions {u;};% for a; = —51.5 +
» POD basis of rank ¢:

102 YA

(P9) min» HUJ =Y up ) ei| st (W) =6
j=1 i=1

with (@, ¢) = [, @ dx and [lo]| = \/(e, )

» Solution to (P): correlation matrix K = (u;, u;)

102
Kvi=Aivi, AM>2X>...2N, 9= ﬁ Yo(vi)juj
=
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Parameter estimation

Reduced-order modelling (ROM)

> Ansatz: u’ = Y7, ufeb; and Galerkin projection
> Error estimate: [ ||uf(a) — u(a)||*da~ >0, \i
> Exponential decay of the eigenvalues: \; = A\;e~7(i—1)
» Experimental order of decay (EOD) [Hinze/V.]:

Y4
o a : _ S lu’(a)—u(a)|*d
EOD := ;- ; Qf) with Q(¢) = In Ll tolie )

Relative errors for different numbers of POD functions

14PODK-GFERIIOFEX)]
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Parameter estimation

Parameter identification
> Model equations: g(x) = x

) —32Au+ (1) Vutau=g inQ=(0,1)x(0,1)

*
% % + % u=-1 onl

» Data: choose ajq > 0 and compute (FE) solution u(aiq) to (%)

> Reconstruction: estimate a > 0 from uy = (1 +6)u(aia)|, with
random |e| < 1 and factor 6 = 5%

» Constrained optimization:
min J(a, u) = /a |u—ug|? ds+k|a|? s.t. (a,u) solves (¥) and a > 0
r

» Relaxation of the inequality:

min J3(a, u) = J(a, u)+ max {0, A + (0 — a)}2 s.t. (a,u) solves (x)
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Parameter estimation

Global convergent optimization method

» Outer loop: augmented Lagrangian method — control of % and A

> Inner loop: globalized SQP algorithm with fixed (0%, A\¥) for

_3 1. _ .
min./f:(a, u) st 2Au+ (1} )3Zu+3au g inQ
Ian T 35U =—1 onTl

» Numerical results: o = 5000, x = 0.0005, a;q = 25, £ =7

o Decay of the first eigenvalues

10
- . relative errors:

. ut—u(a ~ _
° : Mgt ~ 1871070
107 M |ae_aid| ~6. 1073
10° [aial
10" ’
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0S-POD

OS-POD [Kunisch/V.]
» Minimize:
g(r 2 17
Sy =5 [0 —20lde+ 3 [ o) Ru(e)ae
s.t. (e.g., Navier-Stokes)

u(t)bx in [0, T] and y(0) =y,

NIE

G y() + Ay (t) + N(y(t) =

k=1

» H, V Hilbert spaces, V <« H=H' — V' (eg., H= L% V = H')
> Re€R™™with R=0, z€ L?(0, T;H), >0

» a:V x V — R bounded, symmetric, coercive
AV — V' with (A¢, o)y v = a(¢, @) for all ¢, € V

> N:V =V, uel?0,T;R"), yo € H, by € H
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0S-POD

POD modelling

» Choose snapshots, e.g., V = {y(t)|t € [0, T]} for fixed u
» Compute POD basis 91, ...,%

¢
> Galerkin ansatz: x(t) = > x;i(t);
i=1

v

Model reduction = low dimension

v

Problems:
Quality of the basis for unknown optimal control?
Can we avoid the computation of y for various inputs?
Can we avoid the computation of p for various observations?

v

Compare: Balanced truncation for
x(t) = Ax(t) + Bu(t), t >0 and x(0) = xo
y(t) = Cx(t), t>0
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0S-POD

Optimality System-POD - 1

Minimize for fixed £ > 0

T

eX u :g 7—X T X ot Ze l u T u
Sxvne) = § [0 €022 e0) deed [ (o) Rute)de
s.t.

> E()x(t) + A(¥)x(t) + N(x(2), ) = B()u(t) Vt, E(4)x(0) = x

£ ¢
Ej = (¢, ¥iyu, Ay = a(vj, i), Bjj = (bj, ¥i)p, N; = <N( > Xj"l’j)v w,->, z; = (2(t), ¥i)n

j=1
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0S-POD

Optimality System-POD - 1

Minimize for fixed £ > 0

T

eX u :g 7—X T X ot Ze l u T u
Sxvne) = § [0 €022 e0) deed [ (o) Rute)de
s.t.
- E()(t) + AW)x(e) + N(x(t), )
b () + Ay(t) + Ny (1)) = (Bu)(t) =

B(v)u(t) Vt, E(y)x(0) = xo

uk(t)be Vt, y(0) = yo
-1

x

]
> R(y)s = /0 (), )y () dt = i, (s, ) =

£ ¢
Ej = (¢, ¥iyu, Ay = a(vj, i), Bjj = (bj, ¥i)p, N; = <N( lejwj)v w,->, = (2(t), YiYu

j=
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0S-POD

OS-POD -2

» Constraints:

E(4)x(t) + A(v)x(t) + N(x(t), ¥) = B(¢)u(t) Ve, E(1)x(0) = xo

y(t) + Ay(t) + N(y(t)) = éluk(t)bk vt, y(0) = yo
R(y)vi = Nivvi, (i, j) = 6j

> State variables: w = (x,91,...,%e, ¥, A1, ..., Ae)
» POD basis: ¢; = 9;(u) computed from trajectory y = y(u)
> Existence of optimal solutions under assumptions for A" and A

> Existence of Lagrange multipliers provided A\; > ... > X\, >0
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0S-POD

Optimality system for OS-POD

» Optimal solution: w = (x,¢1,...,%e, ¥, A1, ..y Ae)
» Dual equation for x (POD) dynamics: g : [0, T] — R, q(T) =0

—E(¥)q(t) + (A() + Nx(x(t),¥) ") q(t) = B(2"(t, %) — E()x(t))

» Dual equations for y dynamics: p: [0, T] — V, p(T) =0

L

—p(t) + (A+ N ((£)") p(8) = 3 () ) + (), v

i=1

» Optimality condition: Ru(t) = B(v) T q(t) + B*p(t)
> Right-hand side: (R — \;Z)u; = Gi(w) € ker (R —NI)L, 1<i</(
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0S-POD

Boundary control of the Burgers' equation

Consider
. 1T 2 2 2
mm./(y,u)zi Q|y—z| dx + 3 (|u(t)| + |v(t)] ) dt
0
s.t.
Ye— Vs tyyx =1 inQ@=(0,T)xQ
Vyx('ao) =u in (07 T)
vyx( 1) +oy(,1)=v in (0, 7)
v(0,°) =y, in Q=1(0,1)
(I H“ (i “W
T =1,8=0.001v =05, f(t,x) = e 3tsin(2rx), ¢ = 0.1, yo = sin(2mx) ‘ me
JM
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0S-POD

Numerical strategy: Update of POD basis

Idea: combine fast POD solver and OS-POD information

1) Choose v and set n =0

2) Determine PODs {7}_; for y" = y"(u")

3) Solve inexactly [G", "] = SQP*(m) (POD solver)

4) Solve dual quation for p” (OS-POD information)

5) Compute u"*! = &" — 7 (R@"(t) — B(y")"q"(t) — B*p"(t)), 7 >0
6) Set n = n+ 1 and go back to 2) if n < nyax

Stopping criterium: OS-POD gradient 'small’, POD solver 'exact’

SQP”(m): m SQP steps for the control problem with fixed POD basis
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0S-POD

Numerical test (figures)

[Erm— POD basis POD basi u,
fr— i .
. :
0
| o
o -1 o
08 05 1 ) 05 1
s Sais
l POD basis PO basis u,
.
) : /\A/
o
i
=
. -4
0 o1 0z 03 04 05 o5 07 05 03 1 wais 0% - 05 1 o 05 1
Desrdsate =) POD cpinasaey 1) POD basis 0, POD basis o,
4

-

o

x-axis x-axis

I opam s,

:

o
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0S-POD

Numerical test (tables)

[ Steps [[ CPU time |
Generate snapshots 0.62 s
[ M J,uv) ] Determine POD 0.09 s
Solve for u = v =0 0.22134 Determine ROM 0.03 s
OS-POD 0.03813 SQP solver 14.16 s
FE-SQP 0.03765 Compute p;'s 2.07 s
Dual FE solver 0.71s
Backtracking in 5) 0.32s
n=0 n= with FE controls

X1/tr (Kp) || 097187 | 0.87661 0.83002

Ao /tr (Kp) 0.02209 0.08051 0.08734

X3/tr (Kp) || 0.00579 | 0.02736 0.02744

X4/t (K4) || 0.00025 | 0.00101 0.00292
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Conclusions

Conclusions

» POD in Hilbert spaces: choice of weights and norms
— convergence estimates [Kunisch/V., Hinze/V., Kahlbacher/V ]

» Parameter estimation in elliptic systems
— Helmholtz equation [ACC Graz]

» OS-POD: update of the PODs within optimization
— optimal POD basis at optimal solution
— more complex problems
» Preprints:
http://www.uni-graz.at /imawww /reports/index.html
» POD scriptum:
http://www.uni-graz.at/imawww /volkwein/POD.pdf

S. Volkwein University of Graz

POD for Parametric PDEs and for O ality Systems



	Motivation
	Outline
	POD in Hilbert spaces
	Parameter estimation
	OS-POD
	Conclusions

