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Robust optimization
Given: a parametric finite optimization problem

FP(p): min f(z,p) s.t. g(z,p) <O

with uncertain parameter p in compact uncertainty set P
(without stochastic information).



Robust optimization

Given: a parametric finite optimization problem

FP(p): min f(z,p) s.t. g(z,p) <O

with uncertain parameter p in compact uncertainty set P
(without stochastic information).

Robust (pessimistic, worst-case) formulation:

RP: minmax f(x,p) s.t. g(z,p) <0 VpeP
r  peP



Example: Portfolio optimization
(Ben-Tal/Nemirovski 1999)

Invest 1 € in a portfolio comprised of N shares.
Return of share ¢ after one year: p;.

Wanted: optimal portfolio structure, i.e. amount x; to be
invested in share 7, such that portfolio value is maximized:



Example: Portfolio optimization
(Ben-Tal/Nemirovski 1999)

Problem: p,, :=1,..., N, unknown.

Pessimistic approach: p € P (nonempty, compact)

max min p'z  s.t. Y x;=1,2>0.
coopel i=1



Formulation with max-constraints

RP: minmax f(x,p) s.t. g(z,p) <0 VpeP
Z pGP

For continuous g and nonempty compact P:

g(xz,p) < 0 VpeP & max g(z,p) < O
peP



Formulation with max-constraints

RP: minmax f(x,p) s.t. g(z,p) <0 VpeP
Z pEP

For continuous g and nonempty compact P:

g(xz,p) < 0 VpeP & max g(z,p) < O
peP

and (by epigraph reformulation)

min max f(zx, = mina s.t. max f(x, < «
in may f(z,p) nir ma flz,p) <



Epigraph reformulation

\ max ( fi, f2, f2 )




Epigraph reformulation

maX( fl)f27f2)




Formulation with max-constraints

RP: minmax f(x,p) s.t. g(z,p) <0 VpeP
Z pGP

IS hence equivalent to

min o« s.t. max f(x, < «o
nir ma f(z,p)

max g(z,p) < O
peP



Main problem: global optimality

To check the feasiblity of z, compute the optimal value ¢(x) of
the problem

Q(x) : max g(x,p) s.t. pe P
and verify p(x) < 0.
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For a nonconvex problem @Q(xz) standard numerical methods can
only be expected to find local maximizers,



Main problem: global optimality

To check the feasiblity of z, compute the optimal value ¢(x) of
the problem

Q(x) : max g(x,p) s.t. pe P
and verify p(x) < 0.

For a nonconvex problem @Q(xz) standard numerical methods can
only be expected to find local maximizers,

but this is not sufficient to check feasibility !



Local vs. global optimality

| 9(557 )

lOoC.




Remedies

. Make problem ‘tractable’ by strong assumptions that ensure
explicit formulas for p(x) (Ben-Tal/Nemirovski, iterates are
interior points for RP)

. Only assume convexity of the lower level problem
(RP & MPCC, but no applications known)

. Use classical semi-infinite optimization routines (implemen-
tation issues, iterates are usually infeasible for RP)

. Use the adaptive convexification algorithm
(weak assumptions and feasible iterates for RP).



Remedy 1: A special case — ellipsoidial uncertainty

Ben-Tal/Nemirovski (1999) assume g(x,-) linear:

g(z,p) = a(x)'p—b(x)

and P ellipsoidial:

P = {pp Hp+r'p+s<0} (H>0)



Remedy 1: A special case — ellipsoidial uncertainty

Effect:

o(x) = ma]3< g(x,p) becomes a nice nonsmooth function.
pe

e.g. for g(z,p) = a(z)'p—b(z) and P = {p|p'p<1}
the global maximizer of Q(xz) is p* = a(x)/|la(x)]|o ,

and due to

p(x) = a(@)'p*—bx) = |la(@)l2 - b(z)

x is feasible if and only if [la(x)|l> < b(x).



Remedy 1: A very special case

Using Schur complements one shows

b(x) -1 a(x)
la(z)]]2 < b(x) < ( a(az)T b(:c))

1Y
O

Hence, if moreover a and b are linear in x, the feasibility problem
IS equivalent to a linear matrix inequality.

RP can then be treated by polynomial time algorithms
(see Ben-Tal/El Ghaoui/Nemirovski 2000).



Remedy 1: A very special case

Using Schur complements one shows

b(x) -1 a(x)
la(z)]]2 < b(x) < ( a(az)T b(:c))

1Y
O

Hence, if moreover a and b are linear in x, the feasibility problem
IS equivalent to a linear matrix inequality.

RP can then be treated by polynomial time algorithms
(see Ben-Tal/El Ghaoui/Nemirovski 2000).

Under similarly strong assumptions:
Saddle point approach by Tiitiincii/Koenig 2004.



Remedy 2: RP with convex lower level solvable as MPCC

We only consider a lower level problem

Q(x) : max g(xz,p) Ss.t. pe P
with
P = [0,1] = {peR|p>0,1-p>0}.

Q(x) is assumed to be convex, that is,
g(xz,-) is concave for all x € X.
In the sequel we will need the Lagrangian of Q(x),

L(z,p,v,w) = g(z,p) + vep + vu(1l —p),
which obviously satisfies

vpﬁ(map7’)/€7fy’11) — vpg(xap) _I_’YE_’V’U,



Remedy 2: RP with convex lower level solvable as MPCC

RP min f(x) s.t. max g(xz,p) < O
€L peP

{ (St./Still '00)
SG: rgipn f(x) s.t. g(z,p) < 0,
p solves Q(x): mgx g(xz,p) s.t. pe P

I  Q(z) convex, regular

MPCC : L min_ f(z) s.t. g(x,p)

IA

Vpg(x,p) _I_fYE_fY’UJ

OO OO O



Remedy 2: RP with convex lower level solvable as MPCC

RP min f(x) s.t. max g(xz,p) < O
x peP
{ (St./Still '00)
SG: rQipn f(x) s.t. g(z,p) < 0,
p solves Q(x): mﬁx g(x,p) s.t. pe P
T Q(xz) convex, regular

MPCC : L min_ f(z) s.t. g(x,p)

IA

Vpg(x,p) + v — Yu
Y >0, p>0, vp-p
7u207 1_p207 '7U'(1_p)

|
coco o



Remedy 2: RP with convex lower level solvable as MPCC

RP:

mmjn f(x) s.t. max g(xz,p) < O

peP

{ (St./Still '00)

SG :

min f(=) st g(wp) <O,

p solves Q(x): mgx g(x,p) s.t.

I Q(x) convex, regular

MPCC :

min
CB,p,Wﬁu

f(z) s.t. 9(z,p)

Vpg(z,p) + v — Yu
Y >0, p>0, vp-p
7u209 1_p209 'Yu’(l_p)

IA

oo O O

pe P



Remedy 2: RP with convex lower level solvable as MPCC

RP min f(x) s.t. max g(xz,p) < O
€L peP

{ (St./Still '00)

SG rgipn f(x) s.t. g(x,p) < O,

p solves Q(x): mgx g(xz,p) s.t.

I Q(x) convex, regular

FP*: ' t.
Lin - flz) s 9(z, p)
Vpg(a;,p) _I_ Yo — Yu
P (’757 p)

P (Yu, 1 — p)

IA

1|
oo o o

pe P



Remedy 3: Idea of discretization methods

x2 A

X1
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Remedy 3: Idea of discretization methods

xo !
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Remedy 4: The adaptive convexification algorithm

Needs no convexity assumption on the lower level problem.

All iterates are feasible for RP.

Even broader scope than robust optimization.

Based on interval arithmetic.

Coauthor: Chris Floudas, Princeton University.



Semi-infinite Optimization

SIP: minimize f(xz) over XNM

with
X = [52% CcR",

M = {zeR"| g(x,y) <0 forall yeVY },
Y = [y',y"] cR™,

and with C? functions
fi: R*" =R,

g:. R*"xR™ — RP,



Applications

Robust Optimization

Chebyshev Approximation

Minimax problems

Design Centering

Defect minimization for boundary value problems



aBB for SIP with nonconvex lower level

If Q(x) it not convex, that is,
if g(x,-) is not concave for all x € X,

by the BB method (Adjiman/Androulakis/Floudas 1998)

we construct concave overestimators for g(x,-):

g(z,y,a) = g(z,y) + 5y(1 —y).



aBB for SIP with nonconvex lower level

g(xa) -7 I




aBB for SIP with nonconvex lower level

Properties of g(z,y,a) = g(z,y) + 5y(1 —y):
VaeR: g(z,0,a) =g(x,0), gz 1, a)=g(z,1),
Va>0, yel[0,1]: gz, y,a) > g(z,y),

V o > ( r;nax Dsg(af;,y), r€ X: g(z,-;a) concave on Y.
z,y)EX XY



aBB for SIP with nonconvex lower level

So choose a > max |0, max Djg(z,y) .
(z,y)eX XY

Catch:
We have to solve another global optimization problem for « !

Advantage:
We only need some upper bound for its optimal value,

and this can be generated with, for example, the methods of
interval arithmetic (Neumaier 1990, Hansen 1992, Floudas 2000,
Matlab toolbox INTLAB by Siegfried Rump).



aBB for SIP with nonconvex lower level

lr Y

g(xa )




Adaptive subdivision of Y

g(iE, )



Adaptive subdivision of Y

For NeNlet 0=n0<nl<...<nN-1<pyN =1 define
a partition of Y = [0, 1], that is, with K = {1,..., N} and

YF = 19", keKk,
let

Yy = (J Yk
keK
Trivial, but very useful fact:

g(z,y) <0 forallyeY

IS equivalent to

g(xz,y) <0 forallyeY” keK.



Adaptive subdivision of Y

For given subdivision points E = {n’“| = K} on each Y*
the adaptive convexification algorithm constructs a concave
overestimator

g"(z,y) = g(=,y)+ % (y—n""H(" - ),
by aBB,
by MPCC reformulation solves
SIP, gp(E,a) : arj‘rél)rg f(x) st. ze M,pp(FE,a),
with
M, gp(E,a) = {zcR"| g (z,y) <0 forallyeY” ke K},

and then adaptively refines the subdivision of Y.



Adaptive subdivision of Y

Lemma (Floudas/St. 2006):

For all E = {n’f| k € K} and oy, k € K, with

ap > max <O, max D§9($79)>
(z,y)EX xYF

we have M, gp(FE,a) C M.

Hence any solution concept for SIP,gp(FE, o)
produces feasible points for SIP!

()



Adaptive subdivision of Y

If the inequality in (%) is strict, then each lower level problem
Q%(z) has a unique solution y*(z).

Hence x € M, ,gp(F,a) possesses finite active index sets

Ko(z) = {ke K| ¢*@& y"@)) =0},

Y§BB(@) = {4*(@)| k € Ko@) }.

Adaptive refinement of the partition:
If solution x of SIP, gp(F,a) is not e—stationary for SIP,
solve refined problem SIP,pp(E U Y§BB(7),a).



Adaptive subdivision of Y

g(iE, )



Adaptive subdivision of Y




Adaptive subdivision of Y

Yl Y2 Y3— Y3—|— Y4

9/3_+\(337 " 043_|_) Y

/




Convergence

Theorem (Floudas/St. 2006):
T he adaptive convexification algorithm is well defined and finite.

Proposition (Floudas/St. 2006):
Let Ey = {k/N| k=1,...,N}. Then Z € M with ¢(Z) <0
is a feasible point of SIP gg(EN,«) for all

1 \/maxkeK AL

>
2V fe(2))



Convergence

Proposition (Floudas/St. 2006):

Let (EY), be a sequence of subdivisions of ¥ = [0,1] with
EY C EYTl let the sets MY := M, pg(EY, oY) be defined by
the described refinement steps, and let v¥Y denote the optimal
value of SIP,gp(EY,a"), v € N. Then we have:

(Y M*cM?2c ... cM¥cMmvtlc .. cwMm.

(ii) If SIP is solvable, then the v¥ converge to an upper bound
for the optimal value of SIP.

(iii) Each sequence (xY), with ¥ € X N MY, v € N, is feasible
for SIP and possesses an accumulation point x*. Each such
accumulation point is also feasible for SIP, and f(x*) is and
upper bound for the optimal value of SIP.



Numerical results: Chebyshev Approximation

Approximation of sin(wy) by quadratic function on [0,1],

. . 2
min |[sin(my) — (z3y° + 22y + 1) [0 [0,1] -
rEeR3

is, with the error function
e(z,y) = sin(ry) — (z3y® + 22y + 1),
equivalent to

min =4 s.t. Z$e(z,y) <xzyq forall ye]O,1].
rcR4

We look for a solution in X = [zf, 2]
with zf = (-1,3,-5,—-1)" and z* = (1,5,-3,3) .



Numerical results: Chebyshev Approximation

Convexification parameters ot for

g+(z,y) = =zxe(z,y) — x4
on X XY are, due to
Dyg+(z,y) = F (72 sin(my) + 223 ) ,

a+=10 and a_ = 72 — 6.



Numerical results: Chebyshev Approximation
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Numerical results: Chebyshev Approximation
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Numerical results: Chebyshev Approximation
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Numerical results: Chebyshev Approximation
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Numerical results: Chebyshev Approximation
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Numerical results: Chebyshev Approximation
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Numerical results: Chebyshev Approximation

Effort to compute a 10~ 3—stationary point:
11 iterations, 17.044 CPU seconds.

Upper bound for optimal error: 0.028265

With the last set of subdivision points E the discretized problem
min f(x) s.t. g(z,n) <0, n€E,
rxeX

is linear in x and can thus be solved to global optimality.

Its optimal value 0.028005 is a lower bound for the optimal error,
and we obtain a certificate for computation of the optimal error
within a precision of 103!



Numerical results: Chebyshev Approximation

Convexification parameters a4+ on subintervals [nf,n%] c [0,1]
yield tighter concave overestimators:

ap(nfnt) = max(o, —w2min(sin(mf),sin(wnU))+1o)
a_(n',n") = maX(O, 7r29(n€,n“)—6)
with

sin(mn*), n% <0.5
o(n,n") = < 1, nt < 0.5 < nd
sin(wn?), 0.5<n’.



Numerical results: Chebyshev Approximation

Effort to compute a 10~ 3—stationary point:
7 iterations, 5.689 CPU seconds.

Upper bound for optimal error: 0.028011
Lower bound for optimal error: 0.028005

Certificate for globally optimal error within precision of 107>.



Numerical results: Design Centering

Consider the problem to inscribe the boundary of a disk,

B(z) = {z(z,y)| ye[0,2n]}

. X cos(y)
e = ()= (2))

with maximal radius z3 into the container

with

C = {zeR?| ¢(2) <0, iel},
that is, the SIP

max z3 S.t. g;(xz,y) ;:=c;(z2(x,y)) <OforallyeY :=1[0,2xn], i € 1.

r€R3



Numerical results: Design Centering

Convexification parameters a; come, for example,
from the coarse estimate

max  D?g;(z,y)
(z,y)eEX XY

2 2
< max (23 Amas (Dei(x(zy) ) + 23l Vei((a,))lI2).



Numerical results: Design Centering
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Numerical results: Design Centering
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Numerical results: Design Centering
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Future directions

Generalization to p,m > 1 and non-box shaped Y

Acceleration by better bounds and x—adaptation of «

Increased stability by less restrictions

Convergence of KKT points and local minimizers

Interior point property of the iterates

Application to real world Robust Optimization,
LLagrange duality, cutting stock...
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Applications: Chebyshev Approximation

Approximate smooth function F on compact set Z with an ele-
ment of the family a(p,-), p € P, (e.g., polynomials), such that
the maximal deviation is minimized:

min [|F' — a(p, - = min max |F'(z) —a(p, z)]|.
min [|F = a(p. oo,z = min max |F(2) - a(p, 2)|

Intrinsic nonsmoothness can be replaced by infinitely many
smooth inequalities (epigraph reformulation):

min s.t. max |[F(z) —a(p, =z <
nin g z€Z|() (p,2)| < ¢

i
+(F(z) —a(p,z) < q VzeLZ.
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Applications: Design Centering

Given: a container C C R™,

a parametrized body
B(x) C R™ with =z € R". |

Task: inscribe B(x) into C,

such that some measure f(x)

of B(x) is maximized.

DC max f(x) s.t. B(x) CcC



Applications: Design Centering

Lower bounds for volume of (complicated) container C
(Graettinger/Krogh 1988)

Computation of “innermost” points (Horst/Tuy 1993)

Model reduction (Barton e.a. 2004)

Cutting stock (Nguyen/Strodiot 1992, Kifer/Winterfeld)



